PATTERN
RECOGNITION

THE JOURNAL OF THE PATTERN RECOGNITION SOCIETY

PERGAMON

Pattern Recognition 35 (2002) 2539-2548

www.elsevier.com/locate/patcog

Efficient algorithms for 3-D polygonal approximation based
on LISE criterion

Kuo-Liang Chung® *, Wen-Ming Yan®, Wan-Yue Chen®

2 Department of Computer Science and Information Engineering, National Taiwan University of Science and Technology, No. 43,
Section 4, Keelung Road, Taipei 10672, Taiwan, ROC
b Department of Information Management, National Taiwan University of Science and Technology, No. 43, Section 4, Keelung Road,
Taipei 10672, Taiwan, ROC
¢ Department of Computer Science and Information Engineering, National Taiwan University, Taipei 10764, Taiwan, ROC

Received 5 October 2000; accepted 19 October 2001

Abstract

Given a polygonal curve P in three-dimensional (3-D) space, the polygonal approximation (PA) problem in this research is
to find a polygon P’ to approximate P either with the minimal polygonal segments under a given error or, conversely, with the
minimal error under a specified number of segments allowable. The former PA problem is called the PA-# problem; the latter
PA problem is called the PA-¢ problem. Given a 3-D P with n nodes, under the local integral square error criterion, this paper
first presents an O(n*)-time algorithm for solving the PA-# problem using O(n) space. Then we present an O(n* log n)-time
algorithm for solving the PA-¢ using O(n*) space. Finally, a sampling technique is employed to reduce the memory requirement
from O(n?) to O(n). Some experiments are carried out to confirm the theoretical analysis. © 2002 Pattern Recognition Society.

Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Given a polygonal curve P in two-dimensional (2-D) or
3-D space, the polygonal approximation (PA) problem is to
find a polygon P’ to approximate P with » points either with
the fewest polygonal segments, say #, under an error toler-
ance criterion or with the least error, say ¢, under a specified
number of segments allowable. The former PA problem is
called the PA-# problem; the latter PA problem is called
the PA-¢ problem. Solving PA-# and PA-¢ problems is very
important in the field of shape representation [1]. In some
sense, P’ can be viewed as an compressed representation
of P. For different levels of errors, the corresponding P’s
can be used in binary image progressive transmission (IPT)
[2]. Thus, the results of this research can be used in IPT.

* Corresponding author. Fax: +886-2-273-76777.
E-mail address: klchung@cs.ntust.edu.tw (K.-L. Chung).

There are many sub-optimal algorithms developed, for
solving the PA problem in O(n) time. In Ref. [3], Rosin pre-
sented various techniques for evaluating different heuristic
algorithm. However, this research focuses on the case of the
optimal solution mentioned in the above paragraph.

Under different error metrics, many efficient algorithms
for solving the PA problems have been developed. In what
follows, we survey some previous published results under
different error criteria. Most of them focus on 2-D domain.
Throughout the paper, we assume that the starting point
is given. For the case of closed curve where no starting
point is given all the time complexity mentioned below
must be multiplied by n. We only discuss on the case
of open curve. Let the error be defined as the difference
between the perimeters of P and P’. Sato [4] presented an
O(n*)-time algorithm for solving the PA-¢ problem. Using
the city block, i.e. Li, as the error metric, an O(n*)-time
algorithm was presented by Pikaz and Dinstein [5]. Sharaiha
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and Cristofides [6] presented an O(n?)-time algorithm for
solving the PA-# problem. But in Ref. [6], the PA edges are
restricted to approximate only digital arcs that contain one
rectangular direction only. Using the tolerance zone crite-
rion, Dunham [7] presented the cone intersection method
and an O(n*)-time algorithm was presented for solving the
PA-# problem. Imai and Iri [8] improved Dunham’s result
and presented an O(n* logn)-time (O(n’ log® n)-time) al-
gorithm for solving the PA-# (PA-¢) problem using O(n*)
space. Independently, Melkman and O’Rourke [9] presented
the same results. Further, Chan and Chin [10] presented
an O(n*)-time (O(n*logn)-time) algorithm for solving
the PA-# (PA-¢) problem while using O(n*) space. Re-
cently, Chen and Daescu [11] reduced the space complexity
to O(n).

For 3-D domain, using the L; and L., metrics, Bare-
quet et al. [12] presented an O(n*)-time (O(n? log n)-time)
algorithm for solving the PA-# (PA-g¢) problem. Using
the L, metric, the PA-# (PA-¢) problem can be solved in
O(n? log n)-time (O(n? log® n)-time). Using the Chebyshev
error, Hakimi and Echmeichel [13] presented an O(#n?)-time
(O(n* log n)-time) algorithm for solving the PA-# (PA-¢)
problem. Using the parallel-strip error criterion, Eu and
Toussaint [14] improved the results of Imai and Iri [15] and
presented an O(n*)-time (O(n* log n)-time) algorithm using
O(n?) space for solving the 2-D PA-# (PA-¢) problem. For
3-D case, using the L; and Ly error metrics, they presented
an O(n?)-time (O(n®)-time) algorithm for solving the PA-#
(PA-¢) problem. Using the L, metric, the PA-# (PA-¢)
problem can be solved in O(n®)-time (O(r® logn)-time).
All the algorithms in Ref. [14] need O(n*) space.

Using the global integral square error (ISE) criterion,
Perez and Vidal [16] presented an O(sn?)-time algorithm
for solving the PA-¢ problem, where s denotes the num-
ber of specified polygonal segments. Using the local ISE
(LISE) criterion, Ray and Ray [17] presented a heuristic
O(n)-time algorithm for finding a PA, but their solution is
only sub-optimal for solving the PA-# problem. Basically,
the LISE metric can avoid the loss of peak information when
compared to the global ISE. Among these error metrics used
previously, the LISE metric [3] is a useful metric in PA. Fol-
lowing the LISE criterion, the motivation of this research is
to develop efficient algorithms for solving the PA-# problem
and the PA-¢ problem with optimal solutions.

Using the LISE criterion, this paper first presents an
O(n?)-time algorithm to solve the 3-D PA-# problem using
O(n) space. Then an O(n*logn)-time algorithm is pre-
sented to solve the 3-D PA-¢ using O(n*) space. Further,
a sampling technique is employed to reduce the mem-
ory requirement from O(n*) to O(n). To the best of our
knowledge, this is the first time that such 3-D PA-# and
PA-¢ algorithms are presented. Specifically, following our
results, the PA-# (PA-¢) problems in 2-D domain under
the same error criterion can be solved using O(n*)-time
(O(n* log n)-time) and O(n) space. The techniques used in
our proposed algorithms are some different from the pre-

vious algorithms since different error criteria often lead to
different methods for solving the PA problems.

The rest of this paper is organized as follows. Section 2
presents the proposed algorithm for solving the 3-D PA-#
problem. Section 3 presents the proposed algorithm for
solving the 3-D PA-¢ problem. Some experimental results
are illustrated in Section 4. Some concluding remarks are
addressed in Section 5.

2. The proposed 3-D PA-# algorithm

Suppose the given 3-D curve with # points is represented
by the set {Pr = (x¢, yi,zx) for k =1,2,3,...,n} . We first
derive some nontrivial formulas to compute the LISE be-
tween a segment and a set of points apart from it in an in-
cremental way.

Let

j—1
dij=Y_ d*(P.line(PiP;))

k=i+1

be the LISE between the line passing through two arbi-
trary points, P; and P;, say line(P;P;), and the set of points
Piy1, Piya, ..., Pj—1, where

d(P/c, llne(P,Pj))

is the Euclidean distance from the point P; to the line
line(P;P;).

Since line(P;P;) can be represented by the following para-
metric form:

X =X; + ojt,
y=yi+ Byt

z =1z + i,

where Oij = Xj — Xi, [;[j =Y — Yi, and Vii = Zj — Zi. The
square error (SE) between the point P to the line(P;P;) is
the minimal value of

S(@0) = (e = xi — ot + (v — yi — Pijt)’
+ (2 —zi — yit)
= (o + Bij + i) = 200a — )t
+ (e — yi)Bij + (2 — zi)yile
o —x)" + (e = 1) + (@ — 20)’)-

Let a = (o + B + 75 b= [0 — x0)o; + (& — y)Bis+
(zx = zi)pyl, and ¢ = (o — xi)* + (v — i) + (2 — z0)%
Plugging the three parameters, a, b, and ¢, into f(¢), we
have

F(t)=ar* —2bt + ¢

b\ ac— b2
=a|lt——] + ) .
a a
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When ¢ = b/a, we have the minimal value of f(¢) and the where

corresponding SE is equal to -1 -1
SiGH=Yxt SGH= Y v,

ac — b
=0 =) + k=9’ + @ —2)] farrd =
1 j—1 , j—1
77“i'x7xi+ ij — Vi [,]) = [, ]) =
“12] +ﬂ,-2j +szj[ i (X )+ Bii(ve — yi) 83(1,7) k;IZk, S4(i, 7) kglxkyk,
+ iz — 21 il =
Ss(i,j) = Yezk,  Se(i,j) = XkZk,
= Ayx; + By yi + Cyjzi + Dy yi + Eyj yize k;] k;]
+ Fijxize + Gipxi + Hijyr + Lijze + Jij, j—1 Jj—1
S =Y x SsG)= Y v
where k=i+1 k=i+1
A = alzl Jj—1
v o+ B+ So(i.j) = k;} zt,
B
Bij=1—5—7—, with the boundary equation S;(i,i4+1)=0for /=1,2,...,9.
o + B + 7 The calculation of Si(i + 1,/), Si(i — 1,), Si(i,j — 1),
5 and S;(i, j+ 1) can be done using operations from S;(i, ) for
Ci=1— Vij [=1,2,...,9. The related incremental formulas are shown
/ ogl?j + [31.2]. + yl?j’ below:
Dy=—— 2%:/2/3,;/ . Si(ij+ D) =81.)) +x, S, +1)=$0j)+ v}
’ g + B + Vi
. 2B S50 + 1) = S5(0.)) +2, Sa(iej+ 1) =Sa(i.j) + 2,
ij = )

) 2 2
o + B + 75

2’)} a SS(Z:] + 1) = S5(Z’J) + YiZjs S6(lsj + 1) = Sﬁ(l’]) + ZjXjs
i

T2 2 22
o + B + V5

ij —

§7(8,j +1)=87(5,7) +x;, Ss(i,j + 1) =Ss(i, /) + s

% (0jXi + Pisyi + yijzi)
o+ B+ v

G,'j =-2x;+2

So(i,j + 1) = So(i,j) + z,
Bij(ouxi + Bijyi + yyzi)

Hj=-2y +2
e G B

, for j < n;

$1Gi.j = 1) =S$1(i./) = xj1,
Vii(CXi + Bijyi + vizi) !

1,'j = —22,‘ +2 ) %) 2
o + By + 75 S(ij — 1) =$.)) — yi-1,

(aijxi + iy yi + iz’
2 2 2
% + By + 5

Jj =0+ +2) - Ss(ij = 1) =80.) =z,

Return to the calculation of LISE. As a result, we have Sa(inj = 1) = S4B, J) = %i3j-1,

o Ss(inj = 1) = S5(0,/) = yjzj-1,
dy = Z d*(Py, line P;P;)
k=it Se(t, ] — 1) = S6(i,/) — zxj-1,
= 4$1i./) + BiiSa(is j) + CiiS3(ie j) + DySa(i, ) §1(7 = 1) =5057) = xj-,
+ EiS5(i, ) + FySo(i. ) + GyS1(i. ) + HySs(iv ) Se(6j = 1) =5s6.J) = yi=1,

+1So(i, ) + (j — i — 1)Jy, So(i,j — 1) = So(i, j) — zj—1,
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forj—1>1;

S — 1L, ) =810G)+xi, S:(i—1,/)=80j)+ v,
Si(i — L) =8 )+ 2, Sali — 1,7) = Sa(i, j) + xiyr,
Ss(i —1,7) = 85(i,j) + vizi»  Se(i — 1,7) = Se(i,]) + zixi,
S7(0—1,))=87(0,j) +xi,  Ss(i — 1,j) = Ss(i, /) + vi,
So(i — 1,7) = So(i, j) + zi,

fori > 1;

Si(i + 1,j)=81(5,)) — X,+1,

Si(i + 1,)) = $2(i,j) — Vi,

S3(i + 1,/) = S3(i, /) — zi1,

Sa(i + 1,7) = Sa(i, j) — X yit1,
Ss(i+ 1,7) = S5(i,j) — yizi+1s

Ss(i +1,7) = S6(i,j) — zjXiz1,
S+ 1,7) =870, 7) — Xit1,
Ss(i + 1,/) = S(i, /) — yirr,
So(i + 1,/) = So(i, j) — zit1,
fori+1<j.
Given the values of S;(i, ) for l =12,...,9, xi, yi, zi,

xj, yj,and z;, the LISE dyy = 3"}, | dZ(Pk, hne(PP )) can
be obtained in O(1) time using the following procedure:

O < Xj — Xi,
B—yi—
Y=z — 2,

2

o
A l—-——
- 21t
,82
B l— —F7——
- a2+ﬁ2+'y2’
2
7
C | — —F—,
HRERNy 2
b B
a2+ﬁ2+,})2
I
a2+ﬁ2+,y2’

2ya
Fe =%
TR R
G — _zxi+2a(w€i+ﬁyi +'VZz')’
a2+52+,y2
Ploxi + Byi + yzi)
H oo =2y + 25
1(__21+2'V(wft+ﬁy1 VZI)

2_‘_[;2

(oxi + Byi + yzi)
0(2 + BZ + VZ >

dij = AS1(i, ) + BS:(i, ) + CS3(0, j) + DSa(i, )

Je— iy 4 -

+ESs(i, j) + FSe(i, j) + GS7(i, j) + HSs(i, )
+1So(i, j)+(j—i—1)J

Before presenting the proposed algorithm for solving the
PA-# problem, we first describe how to construct a directed,
weighted graph G=(V, E'), where the set of nodes is denoted
by V={Pi,Ps,..., Py}, i.e. |V|=n, such that for each edge
(Pi,P;)€E, 1 <i<j<n,theLISE dj is equal to or less
than the prespecified error tolerance .

Considering the first point Py, we connect all pairs P;
and P;, for 2 <i < n, if the LISE d;; < &. We also assign
the weight value 1 on the edge. From the above incremental
formulas, it takes O(n) time to compute d;; for these feasible
edges. By the same arguments, for2 < i < n—1, we connect
all the related feasible edges. The edges set £ is the union
of these connected edges. As a result, the directed graph G
can be constructed in O(»n?) time using O(n*) space.

We then apply Dijkstra’s algorithm [18] to solve the
single-source shortest-path problem on this directed,
weighted graph G, where the source node in G is the start-
ing point P; in P and the target node in G is the final point
P, in P. The shortest-path finding algorithm takes O(n?)
time. We thus have a shortest path from point P; to point
P,. Because the path length of the obtained shortest path
is minimal among all possible paths from P; to P,, this
shortest path is indeed the desired approximate polygon P’
with the minimal number of segments, i.e. edges, under the
specified LISE. Since it takes O(n?) time for finding the
shortest-path, so given an ¢, the 3D PA-# problem can be
solved in O(n*) time and using O(»n?) space.

We now combine the above two phases, (1) construct-
ing the directed, weighted graph G and (2) applying the
shortest-path algorithm for finding the path from point P; to
point P,, into one phase. This leads to a reduction in space
from O(n*) to O(n).

Before presenting the formal algorithm, we outline the
key concept. Suppose currently the weight of the shortest
path from P, to P; for 2 < i < j is known and is saved in
Wi]. We also maintain an array L for linking the points in
the shortest path. The contents L[2],L[3],...,L[j — 1] are
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such that if

L = LI for k> 1, (1)

then Pywing;) - - - P2y PraPi is a shortest path from P to P;
for all 2 < i < j. For example, suppose we have a P—Ps—
P7—Py shortest path. Then we have L[9]=7, L[7]=L[L[9]]=
L*[9] =5, L[5] = L[L[L[9]]] = L*[9] = 1.

Initially, for j =3, let W[1] =0, W[2] =1, and L[2] =
1. When j > 3, suppose we have obtained the values of
w11, wi2l,...,W[j—11,L[2],L[3],..., and L[j — 1] which
satisfy the conditions in Eq. (1). For 1 <i <, ifd;; <,
we set the weight 1 on the edge connecting P; and Pj;
otherwise, do nothing. For any specific ¢, 1 < < j, if the
following two conditions hold:

1. dl,j <eé,
2. ifd;j <eand 1 <i < jthen W[t] < W[i],

then we know that Py iy - - - P2y Prin PP is a shortest path
from P to P;. We thus assign L[ j]=¢ and W[j]=W[t]+ 1.
So, the shortest path Pywiaj - - - PrapPrjP; is identical to
the path Ppwiay, - - - Pr2pyPrinPiP.

Since Si;(j — 1,j) =0 for all / = 1,2,...,9, we have
d(j—1); =0 and we can compute d;; fori=;—1,j—2,...,1
in O(j) time using the following procedure:

Sl(] - 1’]) = 0>S2(J - 1’j):' ,Sg(] - 1:]) = 07
dij-1;=0
for i «— j — 2 downto 2
{the values of S1(i + 1,7),82(i + 1, j),....8( + 1, )
are known}
Compute Si(%, /), S2(4, f), - - - ,So(i, j) {it takes O(1) time
in an incremental way }
Compute d;; {it takes O(1) time}
endfor

Hence, given W[1], W[2],..., W[j—1],L[2],L[3],...,and
L[j — 1], we can compute d(—1);,d(j—2)j,...,d1; in O(j)
time. Furthermore, we can compute W[ ;] and L[] in O(j)
time using the following procedure:

me— W[j— 1],
t—j—1
for i «— j — 2 downto 2
if djj < ¢ then
if W[i] < m then
m— WI[il; t<—i
endif
endif
endfor
W —m+ 1t — j; LIj] — 1

Since at most O(n) space and O(n) time are required to
update the current node P;, it takes O(n) space and O(n?)
time to find the path-length of the path P,—P, under the

specified LISE. Finally, using the backtracking technique,
the desired approximate polygon P’ is obtained. The formal
algorithm is listed below.

Algorithm 1. PA-#

Input: the LISE ¢ and the 3-D polygon P with » points,
{Pk = (xk,yk,zk) for k = 1,2,3,...,”}.

Output: the approximate 3-D polygon P’ with P; = P, and
P,, = P,, where m denotes the number of points in P’.

Function find(¢) {return the solution, the number of seg-
ments}
W[1] < 0; L[2] < 1; W[2] 1
forj«—3ton
m—W[j—1]
t—j—1
for k < j — 1 downto 2
i—k—1
Compute Si(4,7),S2(%, ), ..., and So(i, j)
Compute d;;
if dij < ¢ then
if W[i] < m then
m<«— WI[il; t — i
endif
endif
endfor
While=m+1;t —j; L[j] — 1
endfor
m «— W{n]
t<—n
for i «<— m + 1 downto 1
P! — P,
t — L[]
endfor
return m

begin
find(¢) {function call}
end

According to the above description and the algorithm, the
first main result is given below.

Theorem 1. Given an LISE of ¢, the 3-D PA-# problem
can be solved in O(n*) time and using O(n) space.

Suppose we are given a 2-D curve with n points
and the coordinate of the point P, is (x,yx) for
k=1,2,3,...,n. We now discuss the calculation of the LISE
S ) d*(Py, line(P1P;)), where d(Py,line(PiP;)) is the
Euclidean distance from the point Py to the line line(P; P;).
Since the equation of the line P;P; can be represented by
aix + biy + ¢i =0, where a; = y; — y1, bi = x1 — x; and
ci =x;y1 — x1yi. Hence the SE from the point Py to the line
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P P; is equal to
(aixi + biye + i)’
a? + b? '
Hence, the LISE can be written as
i—1

> " d*(Py.line PiP;)
k=2

i—1
1
_ bzz(axk—l—byk—O-C,)

bk=2

22 [aixi + biye + ¢
Ca? +b, P

+ 2aibixy yi + 2aicixy + 2bici yi]

Zxk+b Zyk+(z—2)c,

T —I—b2

i—1 i—1 i—1
+2aib; Y xiye +2aici Y xi +2bic Y i
k=2 k=2 k=2

By the same arguments used for solving the 3-D PA-#
problem, the following result is followed.

Corollary 1. Given an LISE ¢, the 2-D PA-# problem can
be solved in O(n*) time and using O(n) space.

3. The proposed 3-D PA-¢ algorithm

Given the number of segments allowable, say s,
consider a 3-D curve with n points again. In this sec-
tion, an O(n” log n)-time and O(n)-space algorithm will be
presented for solving the PA-¢ problem.

Following the results in Refs. [8,19], it is not hard to
derive the following result.

Lemma 1. Let ¢4, eg be two LISEs, with ¢4 to
obtain an approximate curve Py of my segments and with
&g to obtain an approximate curve Py of mg segments, then
(1) if'eq < ep, thenmy = mp; (2) if mg < mp, then &4 > ¢p.

From the dlscussmn in Section 2, for 1 <i<j <n, all
the LISEs d;; = >} i1 d*(Pi, line(P;P))), each of which is
equal to or less than the prespecified error, can be obtained
in O(n?) time.

We first apply the sorting algorithm [18] to sort these
O(n*) LISEs in an increasing order and save these sorted
LISEs in an array. Suppose these sorted LISEs are denoted
by erri,errs, ..., and erry, where ¢ = o).

Based on the binary search method, we first fix erry as
the specified LISE and apply the proposed PA-# algorithm
described in Section 2. Then the approximate polygon with

the minimal number of segments is obtained and the number
of segments required, say m’, is known. If m’ is equal to
the given number of segments, s, we indeed solve the PA-¢
problem. If m’ is greater than (less than) s, by Lemma 1,
we fix erry (errsys) as the specified LISE and apply the
previous PA-# algorithm again. Continuing this way, it takes
at most O(logn) search steps. By Theorem 1, each search
step takes O(n?) time, so totally it takes O(n” logn) time
and O(n?) space for solving the PA-¢ problem, where O(1*)
space is used for saving those sorted LISEs, erri,err,...,
and err,. The algorithm is listed below.

Algorithm 2. PA-¢
Input: the number of segments allowable in P’, say s, and
the given 3-D polygon P with n points, say {Pi = (X, Yk, zk)
fork=1,2,3,...,n} .
Output: the approximate 3-D polygon P’ with P}
P, = P, with the minimal LISE.
begin
l—1; regq
repeat
t—(+r)2
m «— find(&)
if m < s then
if m < s then
r—t—1
else

=P and

r<—1t
else
I=t+1
endif
until / =»r
return(e;)
end

Finally, we want to reduce the memory required in Al-
gorithm 2 to O(n) by using the sampling method [11], but
preserve the same time bound, O(n* log n).

For the ith point in P, 1 <i < n, suppose the con-
structed set of feasible edges under the specified LISE in
the weighted, directed graph G is denoted by Err; and
Erri = O(n). In G, we have Erry,Erra,..., and Err,_,.

In order to keep the memory requirement bounded in
O(n), we process Err; first. That is, we sort it using
O(nlogn) time and O(n) space. Then we select the j+/nth
elements for 1 < j < +/n in the sorted Erri and these \/n
selected elements form the set ERR; with size O(y/n).
By the same arguments, we process Err, and the corre-
sponding ERR, with size O(+/n) is obtained. It still takes
O(nlogn) time and O(n) space. We continue to process
the remaining v/n — 2 Err;’s one by one. Finally, we obtain
ERR,ERR;, ..., and ERR ,;, each ERR; with size O(y/n).
We further sort these v/n ERR;’s and obtain the sorted list
with size O(n). We then select the j+/nth elements for
1 < j < +/n in the sorted list and these +/n selected ele-
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Running tirne (seconds)

0 2 30 40 50 80 70 80 9% 100
Allowable error value

Fig. 1. The running time performance for our proposed algorithm
for solving PA-# problem.

ments form the set Sy with size O(y/n). According to the
result in Ref. [11], there are O(n) err;’s between any two
consecutive elements in S;. The time required for obtaining
Si is bounded by O(ny/nlogn) and the space is bounded
by O(n). Up to now, the size of S| is O(+/n).

Very similar to obtain S), we can obtain S, S,,..., and
S /= using O(n? logn) time and O(n) space. We then sort
these O(1/n) S;’s and obtain the sorted set S’ with size O(n).
Based on the binary search method, by Theorem 1, we can
locate two consecutive elements in S, say x and y, using
O(n? log ) time and O(n) space such that the given number
of segments, s, is within range from x to y. By the same
argument, there are O(n+/n) err;’s between x and y in S’.

Next, we use x and y as a filter and erry, errs, ..., and err,
are fed into the filter one by one. There are O(n+/n) err;’s
retained, but they will not be saved explicitly. In real imple-
mentation, an incremental approach is still adopted. The pre-
vious O(n) err;’s in the O(n+/n) retained err;’s are fed into
the first group. Then the first group is sorted. We then select
the j+/nth elements for 1 < j < +/n in the first sorted group.
These +/n selected elements form a new set 7 with size
O(y/n). We do the same thing incrementally and obtain the
new sets, 75, T3,..., and T . Collecting these /7 new sets,
we sort these n elements. We then select the j/nth elements
for 1 <j< \/ﬁ in the sorted list. There exist O(n) err;’s
within the interval of any two consecutive elements. Apply-
ing the binary search method associated with Algorithm 1
on the sorted list, two consecutive elements are located and
are used as a filter again. Then erri,errs,..., and err, are
fed into the filter one by one. There are O(n) err;’s retained,
and they are saved explicitly. Finally, applying algorithm
2 (only using O(n) space), the desired solution can be ob-
tained. We thus have the following result.

Theorem 2. Suppose the number of segments allowable in
P’ is specified by s, the 3D PA-¢ problem can be solved in

Fig. 2. The resulting PAs for PA-# problem: (a) PA for LISE
e =10; (b) PA for LISE ¢ = 20; (c¢) PA for LISE ¢ =30; (d) PA
for LISE ¢ = 40.
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Fig. 3. The running time performance for our proposed two PA-¢
algorithms.

O(n? logn) time and using O(n) space under the minimal
LISE.

By the same arguments mentioned in solving the 2-D
PA-# problem, it is not hard to derive the following result.

Corollary 2. Suppose the number of segments allowable
in P is specified by s, the 2-D PA-¢ problem can be solved
in O(n* log n) time and using O(n) space under the minimal
LISE.

4. Experimental results

We implement the related algorithms using Borland C++
Builder 4.0 language and the Pentium 133 PC with 48 MB
RAM. The digital map of the southern Taiwan with 233 seg-
ments is used for evaluating the performance. For solving
the PA-# problem, Fig. 1 depicts the running time perfor-
mance for our proposed algorithms, where the detailed time
compleity is rather stable and denoted by 1.1 x 10~ %42,

Suppose the PA-# problem. LISEs are set to be ¢ = 10,
20, 30, and 40. Applying our proposed algorithm for solving
minimal number of the PA-# problem, the resulting form
PAs are illustrated in Fig. 2(a), (b), (c), and (d), respec-
tively, with the minimal segments # = 27, 19, 15, and 13.

For solving the PA-¢ problem, Fig. 3  depicts the run-
ning time performance for our proposed two algorithms,
where the curve A denotes the proposed algorithm using
O(n* logn) time and O(n?) space; the curve B denotes the
proposed algorithm employing the sampling technique and
using only O(n) space. Taking the leading constant fac-
tor in the big-O notation, we have that the time complex-
ity of the algorithm A (B) is rather stable and denoted by
2.023 x 10~%1* logn (7.155 x 10~%n* log n).

Given the number of segments, say # = 6, 11, 21, and
31, applying our proposed algorithm for solving the PA-¢
problem, the resulting PAs are illustrated in Fig. 4(a), (b),
(c), and (d), respectively, with LISEs ¢ =650.6, 70.0, 15.3,
and 8.7.
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Fig. 4. The resulting form PAs for PA-¢ problem.
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5. Conclusions

Solving the PA problem is very fundamental in shape rep-
resentation. The LISE is a practical error metric in the PA.
We have presented three efficient algorithms for solving the
PA-# problem and the PA-¢ problem. To the best of our
knowledge, this is the first time that such three algorithms
are presented under the LISE criterion. In fact, the results
of this research can be used in image progressive transmis-
sion.

The nontrivial lower bound proof for the PA problem
based on the LISE criterion is an open problem which can
tell us the gap between the proposed algorithms and the
theoretical lower bound. Sometimes the ratio n/m can be
viewed as the compression ratio. How to applying the re-
sults of this paper to design efficient algorithms using the
normalized figure of merit (=n/m x ISE) metric [6,20,21]
is an interesting research problem.
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