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Abstract

Shape detection is a fundamental problem in image processing field. In shape detection, lines, circles, and ellipses are the
three most important features. In the past four decades, the robustness and the time speedup are two main concerned issues
in most developed algorithms. Previously, many randomized algorithms were developed to speed up the computation of
the relevant detection successfully. This paper does focus on the time speedup issue. Based on Bresenham’s drawing par-
adigm, this paper first presents a novel lookup table (LUT)-based voting platform. According to the proposed LUT-based
voting platform, we next present a novel computational scheme to significantly speed up the computation of some existing
randomized algorithms for detecting lines, circles, and ellipses. Moreover, the detailed time complexity analyses are pro-
vided for the three concerned features under our proposed computational scheme and these derived nontrivial analyses
also show the relevant computational advantage. Under some real images, experimental results illustrate that our proposed
computational scheme can significantly speed up the computation of some existing randomized algorithms. In average, the
execution-time improvement ratios are about 28%, 56%, and 48% for detecting lines, circles, and ellipses, respectively, and
these improvement ratios are vary close to the theoretic analyses.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Shape analysis is a fundamental problem in image processing field [1-3]. In shape analysis, lines, circles, and
ellipses are the most three important features since they often occur in the image. In the past four decades,
the robustness and the time speedup are two main concerned issues in most developed algorithms. These
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developed algorithms are partitioned into two categories, namely the deterministic algorithms and the nonde-
terministic algorithms.

Most of the existing deterministic algorithms are based on the Hough transform (HT) [4,5]. Assume the
input image have been transformed into its edge map. The HT maps each edge pixel into a parameter space,
i.e. (p, 0)-space where p denotes the normal distance and 6 denotes the normal angle. Although these HT-based
algorithms have robustness gains, a large amount of computing time is needed in the voting process of the rel-
evant accumulator arrays which are used to emulate the corresponding parameter spaces. Therefore, many
improved HT-based algorithms [6-26] have been developed to reduce the computing time by utilizing some geo-
metrical properties and the gradient information to decompose the parameter space into fewer dimension
parameter space. However, these computing time improvement still can not meet the real-time demand.

Based on the randomized approach, many nondeterministic algorithms have been developed to speed up
the computing time to meet the real-time demand. Among these developed nondeterministic algorithms
[27-44], Kiryati et al. [30] presented a probabilistic HT (PHT) to detect lines. The PHT only uses a small, ran-
domly selected subset of edge pixels to perform the HT on the (p, 0)-space. Later, several improved versions of
the PHT were developed and they are the progressive PHT (PPHT) [39], the gradient-based PPHT (GPPHT)
[42], and the one with novel stopping rules [35]. Employing the candidate line concept, Xu et al. [29,31] pre-
sented an efficient randomized HT (RHT) for line detection. For convenience, Xu et al.’s method is called the
RHTL. Following the RHTL, some improved versions [36,40] were investigated. Recently, plugging the prun-
ing-and-voting (PAV) strategy into the RHTL, the PRHTL [44] was developed to speed up the candidate line-
based randomized algorithms.

For detecting circles, the probabilistic circular HT (PCHT) was proposed by Yli-Jdiski and Kiryati [32].
Based on the idea in the PHT, the PCHT uses a very efficient stopping scheme, which is measured by the sta-
bility test via the ranks of the highest peaks in the accumulator array, to speed up the execution-time perfor-
mance and increase the robustness performance. In [29,31], an efficient randomized HT approach for circle
detection, which is called the RHTC, was presented by Xu et al. Each time, the RHTC selects three edge pixels
randomly and then their corresponding mapped points in the parameter space are collected by voting on the
accumulator array or the link-list data structure. Based on a parameter-free approach, an improved random-
ized algorithm [41], called the RCD, was presented to detect circles. Later, the PAV-based RCD [44], called the
PRCD, was developed to speed up the RCD. Employing some geometrical properties [12], McLaughlin [37]
proposed a RHT-based approach for detecting ellipses. For convenience, McLaughlin’s two-stage method is
called the RHTE. Experimental results show that the RHTE has better execution-time when compared to the
previous two methods [15,12]. Combining the PAV strategy and the RHTE, the PRHTE [44] was proposed to
improve the execution-time performance of the RHTE.

This paper does focus on presenting a new computational scheme to speed up the computational require-
ments in several existing randomized algorithms for detecting the three concerned features. Based on Bresen-
ham’s drawing paradigm [45-48], this paper first presents a novel lookup table (LUT)-based voting platform.
According to the proposed LUT-based voting platform, we next present a novel computational scheme to sig-
nificantly speed up the computation required in the previous RHTL [29,31], RCD [41], and RHTE [37] for
detecting lines, circles, and ellipses, respectively, while preserving the same robustness. Moreover, for each
concerned feature, a solid time complexity analysis of our proposed computational scheme is provided to
show the relevant computational advantage. In average, experimental results show that the execution-time
improvement ratios are about 28%, 56%, and 48% for detecting lines, circles, and ellipses, respectively, and
these improvement ratios are vary close to our theoretic time complexity analyses. Further, experimental
results also show that plugging our proposed LUT-based voting platform into the previous three algorithms
can lead to higher execution-time improvement ratios when compared to the PAV-based algorithms [44].

The remainder of this paper is organized as follows. In Section 2, according to Bresenham’s drawing par-
adigm, the proposed LUT-based voting platform is presented. In Section 3, based on the proposed tuning- and
LUT-based voting platform, a novel computational scheme and its analyses of computation gains are pre-
sented. In Section 4, the proposed computational scheme leads to significantly speed up the computation of
some existing randomized algorithms for detecting lines, circles, and ellipses. In addition, the related nontrivial
time complexity analyses are provided. Section 5 demonstrates the experimental results. Finally, Section 6
addresses some concluding remarks.
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2. The proposed novel LUT-based voting platform

This section is partitioned into two subsections. In Section 2.1, we first review the previous candidate fea-
ture-based randomized algorithms (CFRAs), such as the RHTL, the RCD, and the RHTE. In the same sub-
section, we also point out the computational bottleneck existed in the previous CFRAs. In order to overcome
the computational bottleneck in the CFRAs, based on Bresenham’s drawing paradigm [45,46,48,47], our pro-
posed LUT-based voting platform is presented in Section 2.2.

2.1. The previous candidate feature-based randomized algorithms: CFRAs

Definition 1 (Candidate Features). Lines, circles, or ellipses determined by a few randomly selected edge pixels
are called candidate features (CFs).

Definition 2 (CF-based randomized algorithm). For the CF-based randomized algorithms (CFRAs), such as the
RHTL, the RCD, and the RHTE, the coordinates of all edge pixels v; = (x;,y,) are initially stored in the set V.
For determining the CF, the CFRA first randomly select a few edge pixels from 7 to determine the CF. After
the CF is detected, the voting process is applied to calculate the distance between each of the remaining edge
pixels and the CF, then the counting step is performed to sum up the number of edge pixels lying on the CF.
From the counting result, the CFRA can finally determine whether the CF is a true feature or not.

By Definition 2, the CFRA consists of the following four steps:

Step 1. (Initialization) Save each edge pixel v; = (x;,y,) to the set V. Let C; and C, denote the failure counter
and the voting counter, respectively. Two thresholds 7yand Ty,;, are used where 7 denotes the number
of failures that we can tolerate; Ty, is used to determine whether the CF is a true feature or not.

Step 2. (Determine the CF) Randomly picking a few edge pixels out of 7 to determine the CF. For line detec-
tion, the RHTL takes two edge pixels to determine the candidate line. For circle detection, the RCD
takes four edge pixels to determine the candidate circle. For ellipse detection, three edge pixels are
selected by the RHTE to construct the candidate ellipse.

Step 3. (Voting process) Set the voting counter C, to 0. For each edge pixel v; = (x;,y,) in V, the distance
between the CF and the edge pixel v, say d,_r, is calculated. If the value of d,_f is less than or equal
to the threshold A, say A =1, perform C, = C, + 1.

Step 4. (Determine the true feature) Using the final value of C,, the CFRA can determine whether the CF is a
true feature or not. In the RHTL, if the value of C, is greater than or equal to Ty, the CF is a true
feature. In the RCD and RHTE, the CF is a true feature if the ratio of C, over the perimeter of the CF
is greater than the threshold T,,;, (the estimation for the perimeter of the ellipse is shown in Appendix
1). If the CF is a true feature, we take these C, edge pixels out of " and go to Step 2. Otherwise, the CF
is viewed as a false feature and perform C; = C; + 1. If C; = T, then stop; otherwise, go to Step 2.

After running many testing images for the three previous CFR As, experimental results indicate the following
property.
Property 1 (Computational bottleneck in the CFRA). On the Pentium 4 personal computer with 1.8 GHz and
the C programming language, the ratios of the execution-time required in the voting process (see Step 3 in the

above CFRA) over the total execution-time for the RHTL, the RCD, and the RHTE are about 65%, 91%, and
72.5%, respectively. Consequently, the voting process is the computational bottleneck in the CFRA.

From Property 1, to reduce the execution-time required in the voting process significantly, the proposed
LUT-based voting platform is presented in the following subsection.

2.2. The proposed LUT-based voting platform

Instead of calculating the distance between the edge pixel and the CF in the voting process of the CFRA,
our proposed LUT-based platform only performs one simple query such that whether the edge pixel is lying
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on the CF or not can be determined fast. The proposed LUT-based platform first creates a 2-D binary array,
say A, which is based on the Bresenham’s drawing paradigm. Given the related parameters of one CF, that
CF can be drawn on an integer domain very fast. For example, given two end points, the corresponding line
can be drawn very fast and concerns only simple integer additions and shift operations.

Definition 3 (LUT-based platform). According to the related parameters of the CF, using Bresenham’s
drawing paradigm to draw the CF on the 2-D binary array where the bit ‘1’ denotes the feature point. The
array A, associated with the drawn CF is called the LUT-based platform.

Let the related parameters of the candidate circle be the center (x.,y,) and the radius r. For example, given
(xe,¥.) = (16,17) and r = 12, by Definition 3, the corresponding LUT-based platform is depicted in Fig. 1.

Definition 4 (Voting on LUT-based platform). The (x,y)-coordinate of each edge pixel, say v; = (x;,y;), is used
as the key to perform the query on the LUT-based platform Ay. If Ay (x;,y;) = 1, it means that the edge pixel
vy 1s lying on the CF and it contributes a vote to the CF.

By Definition 4, the number of edge pixels lying on the CF are summed up to determine whether the CF is a
true feature or not.

Definition 5 (Cleaning up the LUT-based voting platform). Before detecting the next feature in the image, using
the Bresenham’s drawing paradigm again, each entry of the CF in the LUT-based voting platform is reset by
changing its value from 1’ to ‘0.

From Definitions 3-5, the CFRA associated with our proposed LUT-based voting platform is presented as
follows. For convenience, the LUT-based CFRA is called the LCFRA. In the following six steps, the proposed
LUT-based voting platform is realized by Steps 3-5.

Step 1. (Initialization) After performing the initialization process in Step 1 of the CFRA, we reset the LUT-
based voting array Ay, (W, H) where W and H denote the width and height of testing image.

Drawn Candidate Circle

/

\A

Fig. 1. The LUT-based platform for the candidate circle with center (16,17) and radius 12.

Tt
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Drawn Candidate Circle
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Fig. 2. The banded LUT-based voting platform with bandwidth 1.
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Step 2. (Determine the CF) This step is equal to Step 2 in the CFRA.

Step 3. (Building up the LUT-based voting platform) By Definition 3, Bresenham’s drawing paradigm is applied
to build up the LUT-based voting platform.

Step 4. (Voting process) Set the voting counter C, to 0. By Definition 4, for each edge pixel v; = (x;,y,) in the
edge set V, if Ay, (x;,y,) = 1 holds, perform C, = C, + 1.

Step 5. (Cleaning up the LUT-based voting platform) By Definition 5, Bresenham’s drawing paradigm is
applied to clean up the LUT-based voting platform.

Step 6. (Determine the true feature) This step is equal to Step 4 in the CFRA.

In order to detect the CFs with higher tolerance, the proposed LUT-based voting platform can be extended
to a banded LUT-based voting platform where the bandwidth is specified by the user. Let the bandwidth be 1,
then the banded LUT-based voting platform of Fig. 1 is shown in the banded candidate circle of Fig. 2.

3. The proposed tuning- and LUT-based computational scheme: TLCFRA

Plugging the tuning concept into the CFRA associated with the LUT-based voting platform, which has
been described in Section 2, a new computational scheme is presented in this section. In addition, the analyses
of its computational gains are provided.

Before demonstrating the computational gains of our proposed new tuning- and LUT-based computational
scheme, for each pixel, the voting-time required in the past CFRA is evaluated first. In the voting process of
the CFRA, it first calculates the distance between the edge pixel v; = (x;,y,) and the CF, then one comparison
is used to decide whether v, is lying on the CF or not, and one extra addition is needed in the counting step if v,
is lying on the CF. Consequently, in worst case, the voting-time required for each edge pixel in the CFRA can
be represented by ¢, = t4;s + . + ¢, Where t4;; denotes the time for the distance calculation; ¢, and 7, denote the
time required to perform one comparison and one addition, respectively. Following the voting-time notation
ty, the CFRA takes Ty = m X t, = m X (t, + . + t,) time in the voting process where m denotes the number of
edge pixels in the current edge set.
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Let #, denote the time required to build up or clean up the CF on the LUT-based voting platform A,,.
From Step 4 of the LCFRA, for each edge pixel, the voting process needs one comparison to determine
whether the edge pixel is a CF point or not and one addition is needed for increasing the counter C, by
one. In worse case, Step 4 of the LCFRA needs /" = ¢, + ¢, time. From Step 3 and Step 5 in the LCFRA,
for each CF, 2t time is needed to build up and clean up the LUT-based voting array Ay, For m edge pixels,
the voting-time required in Steps 3-5 of the LCFRA is at most T ‘V‘“ =m x M+ 2y =m X (tc + t,) + 2
time.

Definition 6 (Tuning strategy). The voting-time improvement ratio of our proposed LCFRA over the

; : e A T 211t lgis 211
previous CFRA is represented by [/, = A e If T e 0 holds, the

computational gain of our proposed LCFRA can be guaranteed. On the other hand, when m > 2;‘“‘, our
proposed LUT-based voting platform can replace the voting process in the previous CFRA to reduce the
voting-time in the voting process. Otherwise, when m < 2"“‘ , the voting process of the CFRA is used. From
Definition 6, the proposed LCFRA associated with the above tuning strategy is called the TLCFRA.

In what follows, the average voting-time improvement ratio of the TLCFRA is analyzed. Let M denote the
number of edge pixels in the initial edge set V" and let the minimal number of edge pixels be 2"“‘ when applying

the tuning strategy. Assume m is a random variable and the distribution of m is uniform for 2"“‘ < M. The
average voting-time improvement ratio of TLCFRA over the CFRA can be calculated by

2ty 1

/dls 0dm + /M tais _ 2ty dm
Ztg__u_l Lgis + 1 + ta m(tdis + .+ ta)

Lais B 2t (1 I Mldis) . (1)

B tdis + tc + ta M(tdis + tc + ta) 2tlul

By Eq. (1), we have the following result.

Lemma 1. The average voting-time improvement ratio of the TLCFRA over the CFRA is I, ﬁ
211yt (1 + ln Mtdn) e

M (tgis+tetta) 2ty

Lemma 1 indicates that I, only reflects the average voting-time improvement ratio of the TLCFRA over the
CFRA. From Property 1, let the ratio of the average voting-time over the total execution-time be R when
plugging our proposed tuning- and LUT-based computational scheme into the three previous CFRAs, such
as the RHTL [29,31], the RCD [41], and the RHTE [37]. We have the following result.

Lemma 2. The average execution-time improvement ratio of TLCFRA over the CFRA is It = R X I,.

4. Applications to speed up existing randomized algorithms for detecting lines, circles, and ellipses

In this section, the applications of our proposed tuning- and LUT-based computational scheme are pre-
sented to speed up the previous CFRAs for detecting lines, circles, and ellipses; the relevant three improved
randomized algorithms are called the TLRHTL, the TLRCD, and the TLRHTE, respectively. Moreover,
the related nontrivial time complexity analyses are provided to show the computational gains of the three pro-
posed TLCFRA:s.

4.1. Speed up the RHTL for detecting lines

For each input edge pixel v; = (x;,y,), by Lemma 1, the time f4;s required in the RHTL is first considered.
For detecting lines, the RHTL needs a 2-D accumulator array, say ACC, for implementing the (p, 6)-space
where the value of each entry in A CC is initialized to 0. Each time, two edge pixels are randomly selected from
the edge set to determine a possible line L, 4 and the value of ACC(p, 0) is increased by 1 where p and 0 denote
the quantized p and the quantized 0, respectively. If the value of ACC(p, 0) is equal to the specified threshold,
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the possible line L, y becomes a candidate line. The distance between the candidate line L, y and the input edge
pixel v; = (x;,y,) is calculated by

di—p0) = |p — (x;cos 0 + y,sin 0)]. (2)

If v; donates one vote to the candidate line L, o, the value of d;_,(, o) must be less than or equal to the bandwidth
of the banded LUT-based voting array. In Eq. (2), the values of cos § and sin 6 can be reused once they have
been calculated. From Eq. (2), the calculation of d;_(, ¢ needs two additions, two multiplications, and one
absolute operation. Consequently, we have the following property.

Property 2. In the RHTL, for each input edge pixel, the time required for calculating the distance d;_., ) in
Eq. (2) is bounded by t4is = (2ty + 2tm + taps) Where t,, and t 5 denote the time required for one multiplication and
one absolute operation, respectively.

Form Definition 3 in Section 2.2, when a candidate line L, o is determined, based on Bresenham’s line draw-
ing method [45], the following procedure is used to draw the banded candidate line (BCL) on the LUT-based
array. For saving space of the context, the following BCL Drawing procedure only considers L,, with the
slope between 0 and 1.

Procedure BCL Drawing:

Step 1. Input two end points (xi,y,) and (x»,»,) of the candidate line L,p. Let x;, =|x; —x,| and
vy =y =y, |. If x; > x5, perform x = x,, y = y,, and x, = x;; otherwise, perform x = x|, y = y,, and
X, = x». The time required in this step is 5¢,5 + 2t, + 2., + t. Where the symbol ¢,; denotes the execu-
tion-time required for one assignment operation.

Step 2. Perform Ay (x,y) = 1, Aj(x,y — 1) = 1, and 4y (x,y + 1) = 1 to draw the first three line points of L, .
The time required in this step is 37,5 + 21,.

Step 3. Initialize the decision parameter as p = 2y, — x; where p is used to determine where the next line point
should be drawn. The time required in this step is t,s + £, + ti.

Step 4. Let x =x+ 1. If p <0, perform p = p+ 2y,; otherwise, perform y =y + 1 and p = p + 2(y, — x4).
Then we set Ay (x,y) =1, Aie(x,y — 1) =1, and Ay (x,y + 1) =1 to draw the line points. This step
requires at most 6,5 + 6¢, + t, + t. time.

Step 5. If x > x,, then stop; otherwise, go to Step 3. This step only needs ¢, time.

It is known that A, is of size W x H and let [,,. = % denote the average number of the line points for
L, ¢, then the time required for performing Bresenham’s BCL Drawing procedure is shown below.

Lemma 3. Performing the BCL Drawing procedure on Ay needs ty = (9 + 6lave)tas + (5 + 6lave)ta+
(L + lave)tm + (1 4 2lave)tc + 2taps time.

Proof. In the BCL Drawing procedure, since Step 1, Step 2, and Step 3 are only performed once, the time
required in the three steps is 9,5 + 5t, + tm + 2taps + £.. Because Step 4 and Step 5 must be performed /,,. times
until the condition x < x, in Step 5 is violated, the time required in the two steps is (62,5 + 6f, + tm + 2¢c) Luve-
Summing up all the time requirement, the total time required in the BCL Drawing procedure is
fut = (9 + 6lavc)tas + (5 + 6lavc)ta + (1 + lavc)tm + (1 + 2[avc)tc + 2tabs~ O

In our experiments, ts, t,, ty, tas, and #. are 1.2, 2.2, 2.2, 6, and 3.3 ns (nano second), respectively, by using
the Pentium 4 computer with 1.8 GHz. Thus, from Property 2, we have ¢4, = 2t, + 2t + tas = 14.8 ns and
from Lemma 3, we have #,, = 39.3 +29.2/,.c 1ns.

Following Definition 6 in Section I1.C, when the condition m > 2’1“‘ holds, the computational advantage of
our proposed TLRHTL can be guaranteed. From #4545 = 14.8 ns and tlu[ = 39.3 4+ 29.2/,,. ns, the tuning strat-
egy in our proposed TLRHTL is defined as follows.

Definition 7 (Tuning strategy for line detection). In our proposed TLRHTL, if m > 5.311 + 3.946/,,. holds,
our proposed LUT-based voting platform is used; otherwise, the voting process of the RHTL is used.
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By using the above tuning strategy, the average voting-time improvement ratio of our proposed TLRHTL
over the previous RHTL is shown below.

Theorem 1. The average voting-time improvement ratio of our proposed TLRHTL over the previous RHTL is

_ 3872428771, 7.4M
I, =0.729 A (1 +In 39.3+29.21N>'

Proof. From Lemma 1 and Definition 7, the average voting-time improvement ratio of our proposed

TLRHTL  over  the revious ~ RHTL  is I, — — s 21y (1 +1nM’dl>) —0.729—
3872128770 (1 S 1a p A T lis et M{tgstotty)
M 39.34+29.214 ) *

By Property 1, Lemma 2, and Theorem 1, we have the following result.
Corollary 1. The average theoretical execution-time improvement ratio of our proposed TLRHTL over the
previous RHTL is about Ié =1, xR=1, x0.65=0.4739 — %187]"“ (1 + lnm

Suppose a 256 x 256 image is used in the line detection experiment. From the definition of /,.., we have
lave = 128. Putting /,,. = 128 into Definition 7, it yields the tuning condition m > 511.

Corollary 2. Assume M = 3000, the theoretical average time improvement ratio of our proposed TLRHTL over
the previous RHTL is 0.251.

4.2. Speed up the RCD for detecting circles

In the RCD, it first randomly selects four edge pixels each time to determine a candidate circle C,, , in
terms of the center (x,y.) and the radius ». When C,_,_, is determined, for each input edge pixel v, the time
required for computing the distance between C.,_, and v, is calculated by

A1 yor ‘\/ (x; — xc) —y) =l (3)

Ifdi_ sy < A, 5ay A =1, v;is said to lie on C,_, ,. Consequently, we have the following property.

Property 3. In the RCD, the time required for calculating the distance d;_. (., is bounded by tgs =
4ty + 2t5 + t, + taps Where tg and t,. denote the time required to perform one square operation and one square-root
operation, respectively.

In our proposed TLRCD, once a candidate circle C;_; . is determined, based on Bresenham’s circle draw-
ing method [46], the following procedure is used to draw the banded candidate circle (BCC) on the LUT-based
array.

Procedure BCC Drawing:

Step 1. Input the center (x,y.) and radius r of C,_, ,. Set x = 0 and y = r. The position (0,r) denotes the first
circle point on the circumference of Cy,, where Cy, denotes the circle obtained by shifting the center

of Cy, - to coordinate (0,0). The time required in this step is 27,s.

Step 2. Let x,=x+x. and y,=y+y, then perform Ay (x,,y,) =1 Awlx,y,+1)=1, and
Ay (xa,y, — 1) = 1. Due to the symmetric property for the eight octants, the three symmetric circle
points can be obtained for each octant. The time required in this step is 40z, + 32¢,.

Step 3. Initialize the decision parameter as p = 1 — » where p is used to determine where the next circle point
should be drawn. The time required in this step is #,, + ¢,.

Step 4. If p < 0, the next circle point along Cyp, is drawn at the position (x + 1,»). In addition, perform
x =x+1and p = p+ 2x + 1; otherwise, the next circle point along Cy, is (x + 1,y + 1). Further, per-
formx=x+4+1,y=y+ 1, and p = p+ 2x + 1. This step requires at most 3¢,5 + 4, + ¢, + £, time.

Step 5. Let x, = x +x. and y, = y + y., then we set Ay (x4, v,) = 1, A (xa, v, + 1) = 1, and Ay (xa,y, — 1) = 1.
Due to the symmetric property for the eight octants, the time required in this step is 40¢,5 + 32¢,.

Step 6. If x > y, then stop; otherwise, go to Step 4. This step only needs 7. time.
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Let rave = M denote the average radius of the candidate circle, then the time required for performing
the BCC Drawmg procedure is shown below.

Lemma 4. Performing the BCC Drawing procedure on A, needs ty; = (43 +43 "75) tas + (33 + 36 ’“72“) ta+
i (tm + 2t;) time.

Proof. In the BCC Drawing procedure, since Step 1, Step 2, and Step 3 are only performed once, the time
required in the three steps is 43t,s + 33¢,. Because we apply the symmetric property of the eight octants to
the BCC Drawing procedure, Step 4, Step 5, and Step 6 are performed "‘ﬁ times until the condition x < y
in Step 6 is violated. After running Step 4, Step 5, and Step 6 "72“ times, it takes 43%1‘3‘5 +36rj/v—2° t, +
fwe (1, + 2¢.) time. Summing up all the time requirement, the total time required in the BCC Drawing proce-

V2
dure is f1, = (43 443 W) fas + (33 + 36%) o+ (6 +20). O

In our experiments, it is shown that ¢, and ¢, are 2.2 and 28 ns, respectively. Thus, from Property 3, z4;s
and fj, can be calculated by t4s = 4t, + 2t; + ¢, + tus = 47.2 ns and from Lemma 4, we have f,, = 124.2+
139. 6m ns.

Followmg Definition 6 in Section 3, when the condition m > 2’1‘" holds, the computational advantage of our
proposed TLRCD can be guaranteed. From #45; = 47.2 ns and tlm =124.2 + 139. 6’““e ns, the tuning strategy in
our proposed TLRCD is described below.

Definition 8 (Tuning strategy for circle detection). In our proposed TLRCD, if m > 5.263 + 5.915"‘“ holds,
our proposed LUT-based voting platform is used; otherwise, the voting process of the RCD is useaf

Using the above tuning strategy, the average voting-time improvement ratio of our proposed TLRCD over
the previous RCD is shown below.

Theorem 2. The average voting-time improvement ratio of our proposed TRCD over the previous RCD is
4.714+5.2085%
_ 23.6M
Iy = 0896 — ———= | 1+ In 555 |

Proof. From Lemma 1 and Definition 8, the average voting-time improvement ratio of our proposed TLRCD

4.714+5 2087
: - iy 2 M
over the previous RCD is /, = - — ;e (1 +In d“) =0.896 - ———2 (1 + In 57 2% 5%e) O

By Property 1, Lemma 2, and Theorem 2, we have the following result.

Corollary 3. The average theoretical execution-time improvement ratio of our proposed TLRCD over the

4.29+4. 821”"c
; : Cc _ 23.6M
previous RCD A} (lbout ]T = 0815 — T (l —+ ln1242+1396;d\/‘%¢)

Given a 256 x 256 image, from the definition of r,., we have r,,, = 64. Putting r,,. = 64 into Definition §,
it yields the tuning condition m > 273. Let M = 3000, we have the result.

Corollary 4. The average time improvement ratio of our proposed TLRCD over the previous RCD is 0.563.

4.3. Speed up the RHTE for detecting ellipses

In the RHTE [37] by McLaughlin, it selects three edge pixels each time to determine the candidate ellipse.
From the elliptic equation, an ellipse can be expressed by

FO =2 +elx —x) (v —y) +dx; —x)* = 1, (4)

where (x,y.) is the center of the ellipse; d, e, and f are the other three parameters satisfying d > 0, f > 0, and
4df — e* > 0. Then the 5-tuple parameters (x, y.,d, e, ) can be converted to 5-tuple parameters (x, y.,a, b, 0)

for 0 = mlan("’ i ), a= 1 ——— and b = \/ . _L —— [49], where 0 denotes the orienta-

d cos? 0+-esin 0 cos 0+ sin” 0° 1 cos? 0—e sin 0 cos O+d sin> 0
tion angle of the ellipse and the two parameters ¢ and b denote the half lengths of the two axes.
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We can use a simple measure to calculate the distance between the edge pixel and the candidate ellipse E 4,0
to determine whether the candidate ellipse is a true ellipse or not. Whena > b (b > a), we consider two cases: the
first case is that the possible ellipse orientation, i.e. 0 (0 + n/2), satisfies 0 < 0 < 7/4 (n/2 < 0 < 3n/4) and the
second case is that 7/4 < 0 < n/2 (3n/4 < 0 < =) is hold. For the first case, we use the vertical distance between
the edge pixel and the candidate ellipse to determine whether the candidate ellipse is a true ellipse. Given an edge
pixel v; = (x;,y,), if the vertical line X = x; passes through E,_,_ .50, then Eq. (4) has two solutions (x;,y,) and
(x1,,). Thus, the vertical distance between v; = (x;,y,) and the ellipse in Eq. (4) is equal to the minimum of
| v, =y | and | y, — v, |. Therefore, the distance between E|_,, .50 and v; is calculated by

el —x2) £ y/ e — x) — 4fld(v —x)* — 1]
2f — Ve

Al (xeyped,s) = MiN < |y, —

If di e year) < A, vpis said to lie on Ey y cqs.

By the same arguments in the first case, for the second case, we use the horizontal distance between the edge
pixel and the candidate ellipse to determine whether the candidate ellipse is a true ellipse. For saving the space
of context, we omit the similar discussion.

If [e(x — x.)]” — 4f[d(x; — x.)° — 1] < 0, the remaining operations for computing a are unnecessary to be
calculated. For different v;, the values of 2f,4f, and —e can be reused in Eq. (5) once they are calculated
in advance. From Eq. (5), the calculation of d;_ . ,,_.«.r) needs nine additions, four multiplications, two square
operations, one division, one square-root operation, one absolute operation, and one comparison. We have
the following property.

Property 4. In the RHTE, for each edge pixel, the time required for calculating the distance di_(x_, cas) in
Eq. (5) is bounded by tgs = 9ty + 4ty + 2t5 + tq + t; + tc + taps Where t; denotes the time required to perform
one division.

We now consider time #,; required in the proposed TLRHTE. When a candidate Ellipse E,.,_q»0 has been
determined, based on Bresenham’s ellipse drawing method [47], the following procedure is used to draw the
banded candidate ellipse (BCE) on the LUT-based array.

Procedure BCE Drawing:

Step 1. Input the center (x.,y.), two axes a and b, and the orientation angle 6 of the candidate ellipse
E. yoapo- Setx=0,y=>b, a = @, by = b*, a, = 2a,, and b, = 2b,. The position (0,5) denotes the
first drawn point on Ay, for the ellipse Eo .50 Where Egg, ;0 denotes the ellipse obtained by shifting
the center of £, 50 to coordinate (0,0) and rotating the orientation angle of E._,,_ 0 to 0. The time
required in this step is 6z, + 2t + 2t;.

Step 2. Let x, =ysinf+x. and y, = —ycosf+y, then perform Ay (x,,y,) =1, Au(xas,y, +1)=1,
A(xaaya - 1) = la Alut(xa + 17ya) - 1’ Alut(xa - 1vya) = 1a Alut(xa + 17)/3 - 1) = L Alut(xa - 13
vo+ 1) =1 Ap(xa+1,y, +1) =1, and Ay (x, — 1,y, — 1) = 1. Due to the symmetric property for
the four quadrants, the symmetric nine ellipse points can be obtained for each quadrant. The time
required in this step is 44¢,, + 56¢, + 12¢t,,,.

Step 3. Initialize the decision parameter as p = b; — a;b + 0.25a; where the parameter p is used to determine
where the next ellipse point should be drawn. Let p, = 0 and p, = a,y. The time required in this step
1S 3ty + 2ty + 3ty

Step 4. If p < 0, the next ellipse point along the ellipse Egg 50 is drawn at the position (x + 1,y). In addition,
perform x =x+1, p, = p, + by, and p = p+ by + p,; otherwise, the next point along the ellipse
Eogapo 18 (x+1,y—1). Further, perform x=x+1, y=y—1, p.=p +by, p,=p, —a and
p=p+bi+p,—p, This step requires at most 5t,s + 7¢, + ¢, time.

Step 5. Let x, =xcosf+ysinf@+x. and y, =xsinf+ycosf+y, then perform Ay (x,,y,) =1,
Alut(xa»ya + 1) = 1’ Alut(xavya - 1) = 1: Alut(xa + 1aya) = L Alul(xa - 17ya) = L Alut(xa + l,ya - 1) =
L, Ae(xa — Ly, +1) =1, Ajy(xa + 1,y, + 1) = 1, and 4y (x, — 1,y, — 1) = 1. Due to the symmetric
property for the four quadrants, the symmetric nine points can be obtained for each quadrant. The
time required in this step is 44¢,5 + 56¢, + 12¢,,.

e Ve
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Step 6. If p, < p,, then go to Step 4; otherwise, go to Step 7 This step only needs 7. time.

Step 7. Initialize the decision parameter as p = b;(x + 0.5)° + a;(y — 1) — a;b;. The time required in this
step 1S s + 4t, + 3t + 21

Step 8. If p > 0, the next ellipse point along the ellipse E .50 is drawn at position (x,y — 1). In addition,
perform y=y—1, p,=p, —a, and p=p+a; — p,; otherwise, the next point along Egoaso 18
(x+1,y—1). Further, perform x=x+1, y=y-1, p.=p +by p,=p, —a, and p=
p+a —p,+p. This step requires at most 5t,; + 7¢, + t. time.

Step 9. Let x, =xcosf+ysinf+x, and y, =xsinf+ycosf+y, then perform Ay (x,,y,) =1,
Alut(xazya + 1) =1, Alut(xayya - 1) =1, Alut(xa + laya) =1, Alut(xa - Lya) =1, Alul(xa + 1»_)/;1 - 1) =
L Ae(xa — 1,y, +1) =1, Ay (xa + 1,y, + 1) =1, and Ay (x, — 1,y, — 1) = 1. Due to the symmetric
property for the four quadrants, the symmetric nine points can be obtained for each quadrant easily.
The time required in this step is 44¢,s + 56¢, + 12¢,,.

Step 10. If y < 0, then stop; otherwise, go to Step 8. This step only needs ¢, time.

Let au. = w denote the average half length of major axis of the candidate ellipse, then the time
required for performing the BCE Drawing procedure is shown below.

Lemma 5. Performing the BCE Drawing procedure on Ay needs tyy = (54 + 49a,ye)tas + (62 + 63aqye )ta +
(20 + 12aaye ) tm + 2aavelc + 45 time.

Proof. In the BCE Drawing procedure, since Steps 1, 2, 3, and 7 are only performed once, the time required in
the three steps is 54¢,; + 62¢, + 20t,, + 4. Further, the two subsets of the remaining six steps, one consisting of
Step 4, Step 5, and Step 6 and the other consisting of Step 8, Step 9, and Step 10, are perform a,,. times. The
time required for performing each of these two subsets is (49¢,, + 63¢, + 12¢,, + 2¢.). After running the two
subsets, it takes (49¢,s + 637, + 12t,, + 2¢.)a,. time. Summing up all the time requirement, the total time
required in the BCE Drawing procedure on the LUT-based array Ay is tu = (54 + 49aue)tus +
(62 + 63aue )ty + (20 + 12a,0e )t + 2auyete + 4. O

From Property 4, the time required for the distance calculation in the RHTE is bounded by 745 = 9¢, +
Aty + 2t +tg + 1+t + taps time. From Lemma 5, it is known that it takes #, = (54 + 49auye)tas +
(62 + 63auve )ty + (20 + 12a,40e ) tm + 2aavet. + 41 time to create the LUT-based voting platform for detection
ellipses. In our experiment, #4 is 23.8 ns by using the Pentium 4 computer with 1.8 GHz. From Property 4,
we have ftgs = 9y + 4ty + 2t +tg + b+t + taps = 94.1 ns and from Lemma 5, we have #, =254+
230.4a,,. ns.

Following Definition 6, the tuning strategy in our proposed TLRHTE is shown below.

Definition 9 (Tuning strategy for ellipse detection). In our proposed TLRHTE, if m > 5.399 + 4.897a,,. holds,
our proposed LUT-based voting platform is used; otherwise, the voting process of the RHTE is used.

By using the above tuning strategy, we have the following result.

Theorem 3. The average voting-time improvement ratio of our proposed TLRHTE over the previous RHTE is

_ _ 5.144.627ame _ALOSM
I, =0.945 M (1 + 105577 530 40, )

Proof. From Lemma 1 and Definition 9, the average voting-time improvement ratio of our proposed

TLRHTE over the previous RHTE is I, = S — G 21“; - +lnM’d‘5) 0.945 —
51446270 (1 4 [, 4708 ) ] disTe disTeT
M 254+230.4de

By Property 1, Lemma 2, and Theorem 3, we have the following two results.

Corollary 5. The average theoretical execution-time improvement ratio of our proposed TLRHTE over the

. . E_ 3.698+3.355d4ve 47.05M
previous RHTE is about I7 = 0.685 — i (1 +1In 33123040 )

Corollary 6. Putting a,,. = 64 into Definition 9, it yields the tuning condition m = 319. Let M = 3000, the aver-
age time improvement ratio of our proposed TLRHTE over the RHTE is 0.449.
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5. Experimental results

In this section, some experimental results are demonstrated to evaluate the performance of the concerning
algorithms. Since our proposed TLRHTL, TLRCD, and TLRHTE inherit the robustness of the previous
RHTL, RCD, and RHTE, respectively, we only evaluate the execution-time performance among them. In
addition, we also provide the comparison between our proposed TLCFR As and the previous PAV-based algo-
rithms [44], such as the PRHTL, the PRCD, and the PRHTE, to emphasize the computation advantage of our
proposed LUT-based voting platform. All the experiments are implemented by using the Pentium 4 personal
computer with 1.8 GHz and the C programming language.

5.1. Experiments for line detection

Four 256 x 256 images (see Fig. 3) are taken to evaluate the execution-time performance between the
RHTL and our proposed TLRHTL. In our experiments, the Sobel edge detection is used to obtain the four
edge maps of Fig. 3. For the four testing images, after running our proposed TLRHTL, the resulting detected
lines are the same as the RHTL and are shown in Fig. 4. The execution-time comparison and execution-time
improvement ratios for the four testing images are shown in Table 1. The execution-time is measured in terms
of milliseconds. From Table 1, experimental results reveal that our proposed TLRHTL is faster than the pre-
vious RHTL for the four testing images and the average execution-time improvement ratio is 28.1%. From

a b

Fig. 3. The four testing images: (a) the floor image, (b) the airport image, (c) the window image and (d) the road image.
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b

F—c) ]

Fig. 4. The detected lines of Fig. 3: (a) the floor image, (b) the airport image, (c) the window image and (d) the road image.

Table 1
Execution-time comparison for the RHTL, the PRHTL and the TLRHTL

Image

Floor Airport Window Road
RHTL 32 105 54 52
PRHTL 28 95 46 46
TLRHTL 24 75 39 36
TLRITL-RIITL 0.250 0.286 0.278 0.308
LRI TRIITL 0.143 0.211 0.152 0.217

Corollary 2, it is known that the theoretical execution-time improvement ratio is 25.1% which nearly meets the
practical execution-time improvement ratio 28.1%. Table 1 also shows that our proposed TLRHTL has better
execution-time performance when compared to the previous PRHTL [44] and the average execution-time
improvement ratio is 18.1%.

5.2. Experiments for circle detection

Three 256 x 256 images and one 352 x 240 image (see Fig. 5) are used to evaluate the time performance
between the RCD and our proposed TLRCD. For the four testing images, after running our proposed
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Fig. 6. The detected circles of Fig. 5: (a) the coin image, (b) the cracker image and (c) the culvert image and (d) the sewage pipe image.
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TLRCD, the detected circles are the same as the RCD and are illustrated in Fig. 6. The execution-time com-
parison and execution-time improvement ratios for the four testing images are shown in Table 2. The execu-
tion-time is still measured in terms of milliseconds. From Table 2, experimental results reveal that our
proposed TLRCD is faster than the previous RCD for the four testing images and the average execution-time
improvement ratio is 56.5%. From the Corollary 4, it is known that the theoretical execution-time improve-

Table 2
Execution-time comparison for the RCD, the PRCD, and the TLRCD

Image

Coin Cracker Culvert Sewage pipe
RCD 107 37 117 484
PPRCD 81 29 88 382
TLRCD 51 16 52 187
% 0.523 0.568 0.556 0.614
LRRCDTLRCD 0.370 0.4438 0.409 0.510

PRCD

Fig. 7. The two testing images: (a) the cookies image and (b) the eggs image.

Fig. 8. The detected ellipses of Fig. 7: (a) the cookies image and (b) the eggs image.
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Table 3
Execution-time comparison for the RHTE, the PRHTE, and the TLRHTE

Image

Cookies Eggs
RHTE 53 221
PRHTE 41 170
TLRHTE 27 118
TLRIQET—L{?IITE 0.491 0.466
TLRHTE—PRHTE 0.341 0.306

PRHTE

ment ratio is 56.3% which nearly meets the practical execution-time improvement ratio 56.5%. From Table 2,
the execution-time performance of our proposed TLRCD is better than that of the PRCD [44] and the average
execution-time improvement ratio is 43.4%.

5.3. Experiments for ellipse detection

Two 256 x 256 images (see Fig. 7) are used to evaluate the time performance between the RHTE and our
proposed TLRHTE. For the two testing images, after running our proposed TLRHTE, the detected ellipses
are the same as the RHTE and are shown in Fig. 8. The execution-time improvement ratios for the two testing
images are shown in Table 3. From Table 3, experimental results reveal that our proposed TLRHTE is faster
than the previous RHTE for the two testing images and the average execution-time improvement ratio is
47.9%. From Corollary 6, it is known that the theoretical execution-time improvement ratio is 44.9% which
is close to the practical execution-time improvement ratio 47.9%. Table 3 also shows that our proposed
TLRHTE has 32.4% average execution-time improvement ratio when compared to the PRHTE [44].

6. Conclusion

We have presented the proposed LUT-based voting platform and tuning strategy. Plugging our two newly
proposed techniques into the previous three CFRAs, such as the RHTL, the RCD, and the RHTE, for detect-
ing lines, circles, and ellipses, respectively. Our proposed three improved randomized algorithms, namely the
TLRHTL, the TLRCD, and the TLRHTE, have also be presented. Moreover, we have provided the detailed
time complexity analysis for each proposed improved algorithm. Under the same robustness, experimental
results show that the execution-time improvement ratios of our proposed three TLCFRAs are about 28%,
56%, and 48% for detecting lines, circles, and ellipses, respectively, and these improvement ratios are vary close
to the theoretic analyses. Experimental results also show that our proposed three TLCFRAs have higher exe-
cution-time improvement ratios when compared to the PAV-based algorithms [44].
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Appendix 1. Proof for the estimated perimeter of ellipse

The parametric representation of the ellipse can be expressed by x = asint and y = bcos¢. We consider the

first case when a > b. By differentiating the above two parametric equations, we have dx = acostds and
dy = —bsintdt. Let ds* = dx? + dy?, then it yields

ds® = (a® cos’ t 4 b*sin® 1) di? = [a*(1 — sin® £) + b sin® £]d? = [a* — (a* — b*) sin’ 1] A7

and we have ds = \/a2 — (@ — b sin’ tdr = ay/1 — 252 sin’ ¢dr.

aZ
Let x = —“’Z”’Z(é 1), then we have ds =aV' 1 —x2 sin’¢d¢. Thus, the perimeter of the ellipse, s, can be
obtained by calculating
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; :
s=4/ ds=4a/ V1 —x2sin®tdr.
0 0

. 0 ) .4
From V1 —x2sin”¢ =1 —1x?sin" ¢ —sL;x*sin" 7 — - - -, we further have

2 I 4 z
s4a[g%/0 sinztdt—z);4/0 sin4tdt—~-}.

Because of fg sin” tdf = 22522l 1 we thus have s = 2an[l — (1)%? — (13)%2 — (1x3x5)220. ] Since
each term after the second term in the bracket is rather small, the perimeter of the ellipse is approximated
by s = 2an[l — (1)’

By the same arguments, for the second case when a < b, the perimeter of the ellipse can be approximated by

s = 2bn[l — (1)*)?] where y = poa Combining the results for the two cases, let L = max(a,b) and

2 b
L = min(a, b), then the perimeter of the ellipse can be estimated by the formula s = 2nL — % O
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