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Correspondence

The Complex Householder Transform Il. THE COMPLEX HOUSEHOLDER TRANSFORM

Letaw = z = a—b # 0, wherez is a positive real value, angt
is a unit vector inC", i.e., ||w|| = 1. Before deriving the complex
Householder transform, we need the following two Lemmas.

Kuo-Liang Chung and Wen-Ming Yan

Abstract—In this correspondence, a straightforward derivation for Lemmaliz = w'a+a*w.
a complex Householder transform is given. It needs fewer complex Proof: Since the complex Householder transform must satisfy
operations when compared with the previous results by Venkaiahet the two assumptionEla = b and||a|| = ||b]|, it yields
al. and Xia and Suter. We also investigate applying our result to the
derivation of a hyperbolic Householder transform. a*a=b*b = (a— xw)*(a — TW)
—a*a— rw'a — za*w + 2*w'w.
|. INTRODUCTION
The Householder transform is very useful in matrix computation&® then hayev2: wataw. .
and signal processing. In-dimensional real vector space” for Lemma'2. @ =zataz=2zz
reflecting a vectoe (€ R") tod (€ R"), the Householder transform Proof: Fromz = xw and Lemma 1, we have
[1]-{2] is given by 2 =z(wra+ a'w)=zw'ata'zw=z"a+a"z
H:I_QVZT 1) =(a—b)'at+a’(a—b)=a’a—b'a+a’a—a’b
vy ] o =b'b-b*at+a’a—a'b=-b"(a—b)+a"(a—Db)
where T denotes the transpose, and = c¢ — d; it satisfies —( b)*( b) = 2 O
Hc = d and ||c|| = ||d||, where]| ¢ || denotes the vector norm. =(a-b)(a-b)=z2z
complex vector space™ if it satisfiesc*d = d*c, wherec,d € C" Theorem 1: The complex Householder transform is
[5], andx denotes the transpose and complex conjugate. That is, we .
haveH = I — 2¥¥_ if the above commutative law holds. In fact, H=1-2
c¢*d = d*c is not true in general. In some special situationsCih, z'a

some methods have been presented to apply the usual HouseholderProof: By Lemma 1 and 2, we have
transform [3]-[5].

Venkaiahet al. [5] extended (1) toC™ without any restriction. b=a-zw=a-(wataww

They first assumed that (%2 n a'z\z _ _ (za)z _(a'z)z
a2\ zz° x r Jx 2 2
H — I — 1 * * * *
< + z*a) e 2 A (z'a)z  (a'z)z o z(z'a) (a z)z'
Z 7 Z*Z Z*7 Z*Z

wherea,b € C" andz = a — b, and then, it was verified that
Ha = b and thatH is unitary. Recently, Xia and Suter [6] proved
the necessary part of the Householder transform [54"H # a™b,

Puttingy™a into the denominator and numerator of the third term in
(5), respectively, we get

they first assumed that b= zz" (a*z)zy”
" raz)

H=1-(1+y) = 3) . DN
77 < 2z (a"z)zy )

} ={I-— - . - |a= Ha
wherey is a complex number, and then, it was shown that —2.2. (zz) (y*a)(z*z)
In this correspondence, a complex Householder transform where the complex vectgr will be determined later. Since we expect
* H to be unitary, i.e.,
H=1-2 4) v
zZ7a H*H -1

is given. Not only the transform is shown by a straightforward deriva-
tion, but it also needs fewer complex operations when compared withere

the previous results by Venkaiat al. [5] and Xia and Suter [6]. We 7z z¥alvz®
\ _ _ a an _ H =1 (z'a)y
also investigate applying our result to the derivation of a hyperbolic == (z°z) - (a*y)(z*z)
Householder transform. 2 ‘ (z*a)y
; ; . revi ; ; =1I- + z' =1—uz"
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If there exists a complex vecter such thatu*q = 0 andz*q # 0, wherez = ®a — b. Therefore, it yields

we have z
H = @ - TV .
H'Hq=(I-uz"-zu" +uz'zu')g=q-u(z'q) # q. va
Consider
It is a contradiction because of z * PR
HeH= (2 - ") ¢(e- ")
H'H # 1. vta via
_3 vz"©  zv” vz" Pzv”*
Hence, it is impossible that any vectarexist such thati*q = 0 - a*v  v*a (a*v)(v*a)’

andz*q # 0. That is, there exists a complex numhkesuch that

w — 2. From If there exists a complex vecter such thatv*q = 0 andz™q # 0,

(«a we have
z z'a)y « « S
u= . vVZ VA% vz bzv
- y)(z* H®Hq= (o - — ——
(z*z)  (a*y)(z*z) q < v va (a*v)(v*a))q
: Y
there exnsts; a (_:omplex numbér such thaty = t'z. Hence, from — Bq-— \: 2°q + &q.
H =1-z"u, it follows that a*v
Ho1_ 2z' (a'z)zy” I 27" (a'z)z(t's) It is a contradiction because of
(z*z) (y*a)(z*z) (z*z) ((t'z)*a)(z*z) H*®H = 3.

Hence, there cannot exist a vectpsuch thatvv*q = 0 andz™q # 0.

" (z'z) (z*a)(z*z) - z*a ) 7°z
We then havev = ¢z for some complex number# 0.

z*a+a*z zz*

_ 77 (a*z)zz I_<1+az>zz

=I- " —. (5) Therefore, we have
zZ"a zZ"Z z z
By Lemma 2, (6) can be written as H=9o- va’l = P - Z'a
Hogp_2222 _q_722 The matrixH is a hypernormal matrix since
z*a 7277 z*a’ N * .
. 77 V44
Therefore, we obtain H oH = <‘I’ - Z*a> ‘I)<‘I> - Z*a>
zz” 1 1 7" ®z
H=I- (6) = - —— = |72
z*a a*z + z*a (z*a)(a*z) “
which satisfiedHa = b. In addition,H is unitary since we have z'ata’z—z"dz
= - 77 =
£\ * * (z*a)(a*z)
HH — <I— Z7 ) <I— z7 )
z*a z*a From
—I- <L+L_Z*—Z>ZZ* z'a+a’z=(da—b)'a+a"(Pa—b)
*a z *Z a . (z7a)(a2) =a"Pa—b*a+a*Pa—a‘b
_I_za—i—az—zzzz*_I O
(z*a)(a*z) ' and
Fromz*a = (a—b)*a=a"a—b*a =b"b — b*a = b*(—2z), 7z ®z = (Pa—b)"®(Pa—b)=(a*® — b")P(Pa—b)
we havez*a = —b*z. Thus, the Householder transform of (7) can —a*da—a'b— b a+ b db
also be written as
77" we obtainz"a + a*z = z*®z because oh*Pa = b*Pb
H=I+,". Finally, Ha = b can be verified as
zz”"
IIl. A PPLICATION TO HYPERBOLIC HOUSEHOLDER TRANSFORM Ha=|®-_—)a=%a-z=b.

In this section, the result described in Section Il will be applied

derive the hyperbolic Householder transform [4]. ebe a diagonal t?he desired hypernormal matrix becomes

*

matrix with diagonal entries-1 and —1. Suppose it satisfies H-o_ 22
z*a’
a*®a =b"db
Pa#b IV. DiscussiOoNs AND CONCLUSIONS

Looking at the guessed forms of the complex Householder trans-
rm in [5] and [6] and our form of the Householder transform
[see (7)], our form uses fewer complex operations when compared
with the guessed forms [5], [6] since both previous forms [5], [6]
need three complex inner-product operations and one complex outer-
Ha=(®?—-uv')a=da—uv'a=>b product operation, respectively, whereas our transform only needs
one complex inner-product operation and one complex outer-product
we haveba—b = u(v*a). Since®a # b, it follows thatv*a # 0.  gperation. Froma*z = a"(a—b)=a'a—ab=bb—a‘b=
u#0,v#0, and —z*b, we havea*z = —z"b. Thus, the guessed form in [6] [see (3)]
z is equal to the guessed form in [5] [see (2)]. Surprisingly interestingly,
v*a the intermediate form [see (6)] in our direct derivation is equal to the

wherea, b € C". In the hyperbolic Householder transform, we WanF0
to find a hypernormal matri¥I such thatila = b andH*$®H = .

Let H = ® — uv*, whereu and v will be determined later.
Because of
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guessed form in [5]. It means that by Lemma 2, the guessed forms Extended Overlap-Add and -Save

in [5] and [6] can be simplified into our final form [see (7)]. Methods for Multirate Signal Processing
The significance of the Householder transform is due to its popular

use in many fields of matrix computations and signal processing. Shogo Muramatsu and Hitoshi Kiya

The main contributions of this paper are threefold: First, we give the
direct derivation of the complex Householder transform; second, we
apply this derivation to derive the hyperbolic Householder transformAbstract—The overlap-add method (OLA) and overlap-save method

directly; third, the previous guessed complex Householder transforfis->) are well known as efficient schemes for high-order FIR filtering. In
. . e . . . is correspondence, new sampling rate conversion methods are proposed
in [5] and [6] can be simplified by using our partial result, i.e., LemMg, extending the OLA and OLS and eliminating the redundancy caused

2. In fact, according to the results of this correspondence, a blogkthe conversion. First, for finite-duration sequences, a rate conversion
representation for products of hyperbolic Householder transform [#ith the DFT-domain approach is discussed. Then, using the result, the
which is very suitable for vector supercomputing, has also pe&itended OLA and OLS are proposed for infinite-duration sequences.

derived. Last, the computational complexities of our proposed methods are shown.
Index Terms—Fast Fourier transform (FFT), overlap-add/save method,
sampling rate conversion.
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of this paper. scheme for reduction of computation, improvement of processing
precision, compression of information, etc. [1]. In this work, we
consider efficiently converting the sampling rate of a digital signal.
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Therefore, in order to provide an efficient rate conversion tech-
nique, which can handle infinite-duration sequences with the DFT-
domain approach, we propose to extend the overlap-add method
(OLA) and overlap-save method (OLS) for FIR filtering to the
sampling rate conversion.

Il. SAMPLING RATE CONVERSION

In this section, we review sampling rate conversion and consider
the DFT-domain approach, supposing that the input data sequence is
of finite length.

A. Rate Conversion with the Time-Domain Approach

Fig. 1 indicates the basic structure of the sampling rate conversion
system [1].
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